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Abstract: The problem of unsteady filtration, which subsequently modeled as a boundary value problem
with an unknown moving boundary section. We prove the existence and uniqueness of the solution of the
problem in the small.
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1. Statement of the problem.

An increase in the water horizon in hydraulic structures causes a rise (backwater) of the surface of the
soil flow in the adjacent territories and in some cases creates a threat of flooding of cities, settlements, as well
as salinization and waterlogging, valuable lands for agriculture. At the same time, the arrangement of
reservoirs and reservoirs leads to rational redistribution for electricity, irrigation and watering of lands, water
supply, improves climatic conditions, etc.

When filling new canals and reservoirs, there is a rise, and during their operation, both the rise and fall
of the level in them can occur. If the initial level in the reservoir is located below the critical level and there is
a rise in the level in the channel, then after a while in the canals (reservoir), the level will reach a critical value.
In the future, there are two areas of motion, with a movable interface in one of which there is evaporation, and

in the other it is absent. hy, h_ t; >0 x =1(t)

As is known [1], the level within the hydraulic theory satisfies the Boussinesq equation h(x,t)

pa—h:i(K-ha—hJ+W : 1)
ot ox OX
where is the coefficient of water loss (effective porosity), is the filtration coefficient of the formation, is an
expression that takes into account the vertical velocity at the lower base of the formation, infiltration and
evaporation from the free surface.u K W

Consider the problem of filtration near new canals and reservoirs in the presence of evaporation from
the groundwater mirror, depending on the depth of the groundwater level (UGV) and time according to the
law €

f(h—h_,t), h>h_:
g= ( v ) ? )
0, h<h_.
where is a function that is smooth enough for the first argument and piecewise smooth for the second
argument, which has the following properties: f (z,t)
f(0,t)=0, f(z,t)>0, f,'(z,t)>0, z>0 . ?3)
To simplify the study in equation (1), we carry out separate linearization:
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2 _w . h
()= aiz_K El/u,h>hkp (0<x<I(t)), "
a,’ =K -ho/u,h>h_ (I(t)<x<oo);
where and are some average values, Hl Hz h(x,t) respectively, from the intervals and ; ; — level values in

the channel.[h_,h T[h,h T1h = m:’:lX\u(t) y(t)

Taking into account the assumptions made above, the problem of determining the unknown boundary
of the section is formulated as follows. h(X,t) x=I (t)

Find the functions and , under the following conditionsh(x,t) I(t) I(t,) =0

2
o a(x )a—h—i e \px=I0} . )
h( ) (t) h(X,t ) (X) h‘x—>+oo ! (6)
h(1(t)-0,t)= (I(t)+0,t):hkp:const>0 , (7)
he oh(x,t) _h, oh(x,t) | @)
OX x=1(t)-0 OX x=1(t)+0
where the functions are smooth enough, and ; o, ¥ y(t,) =(0) = th

Qp ={(x,t): 0<x<oo,t, <t <T} Thereisamomentwhen the water level in the canal reaches the mark

and is determined by formulas (4) and (2), respectively.t, h  =h(0, t,), a’(x) e

Problem (5) — (8) from problems of the Stefan type [2] is that at the known interface the flow rate (flow)
is continuous (condition (8)), while in the problems of the Stefan type the flow rate is discontinuous and this
gap is proportional to the speed of advance of the movable boundary (front).

The requirement and the specified difference from the condition of the Stefan type, i.e. the conditions at
the unknown boundary, the resolved relative to the desired curve or its derivative create additional difficulties
in the study of the problem (5) - (8). In this regard, it is also of independent mathematical interest. 1(t,) =0

2. Solution of problem (5) — (8) by the method of quasi-stationary approximation.

The essence of the method lies in the fact that the movable boundary is "frozen", i.e. the usual problem
of conjugation with the vertical interface is relied on and solved. Then, by substituting the function together
and using the condition on the boundary, an equation is obtained to determine . I(t) =1(s) = const x =1(s)

1(s) 1(t) x =1(t) I(t)
And so, believing, consider the following two-layer problem on a semistraight line, the solution of which
dependson :1(t) =1(s) 0 x>0 I(s)

au(s) 82 (s)
hPL IO _E (xt)eQ \Dox=1s)}y, )
ot ox’
(s) _ (s) _ (s) —
u x=0 _W(t)’ u t=t, - (P(X)’ u X—>+00 B 0 '
(10) ,
(11)[u(s)] i =00 e =h,
aX x=I(s)-0 8X x=I(s)+0

where and is determined by formulas (2), (4) taking into account € a(x) I(t) =1(s); have the properties: , ,
are continuous functions in their domain and in addition , , , ,,,; .o, y, f f_ "(z,t) ¢"(x) y"(t) o(X)
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y(t) w'(t) 9"(x) >0 0'(x) <0 y(ty) = ¢(0) =y, =const u(x,t) =h(xt) —h
The function that determines the position of the UGV at the moment is found as a solution to the first
boundary value problem for the equation of thermal conductivity on a semistraight line [3]. (X) t, X >0

a_, .o
ot 2ot
l'I|t=0 = O’ ! u|x=0 = W(t) u|xa+oo :O

O<x<wo0<t<t,

and has the form

u(x,t,) = o(x) = 2a J’\V(T)expg— 1/7;432 (t- r)}d

In [2], using the Laplace—Carson integral transformation, the Green's function of the two-layer first
boundary value problem on a semistraight line for the thermal conductivity equation with a piecewise constant
coefficient in the case of . In the case of , it looks like this: X >0 1(s) =11(s) #11(s) >0

[9,(x,1,&,1;1(5)), 0<x,E<I(s),

X1E,1:1(S)), 0<&<I(S) < X< oo,
Qx5 z1(5)) = 9,(x.t,€ _()) g<I(s) 12
9;(x,t,&,7;1(s)), 0<x<I(s) <& <,
9,(xt.&5l(s),  1(s)<x,g<eo.
Functions, are represented in the form of series, due to the cumbersomeness of expressions for which
they are not given here. g, (X,t,&,7;1(8)) 1=1,2,3,4

Using the integral representation [4] of the solution of problem (9)—(11), it is not difficult to obtain the
following integral equation

u®(x,t) = Au® + B(x,t;1(s)).
In here

t I(s)
AT =if d [ gOLETI(S)- (U -y )dE .

0

B(X1(S)) = j G0LE LI (S)-0(E)dE + 3/ j BULSTION (.

k& |,

We take as an approximate solution of the problem (5)—(8) the functions and the definable solution of
the system of functional equations u(x,t) I(t)

{ u(x,t) = Au+ B(x,t;1(t)),

v, =[Au+B(x,t1(t))] o (13)

In here
AU+ B G1(0) = (AU + B(x, t1(s))

1(s)=I(t)

The results of the numerical solution of problems differ from the exact solution obtained in the
quasistationary approximation for sufficiently small values of time [2]. However, the question of estimating
the error of the method remains open.

System (13) is written in the form of a matrix operator equation:

[ -en) (o
Pl |= = , (14)
1) Pl Lo
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Where is
R(ul)=u-Au-B(xtI(t); P(u,)=y,—-[Au+B(xtI(t)]

x=I(t)
- u *
We assume that the scopes and values of the operator are, respectively, spaces and , where P | C

C

C*=C1@C2, - -Clz{u(xvt):uEc[o,b]x[tO,T]}

to<t<T

C, :{I(t):l(t):m(t)(tto);*“, m(t) EC[tO’T], %Soc<l}b— max|(t) =1(T)

A sign is understood as a direct product. ®
Let's define the norms in spaces and: C*, C, C,

Jule, =maxju(x.t)l: ; 1e)], =max|(t—t,) *-1¢t)

y 1)

u
It can be shown that the nonlinear operation, P[ | J with the assumptions made above regarding the

=[Pl + [P

C

=[ull, I, -

C

functions , , and values sufficiently close to , has a single zero, i.e. exists in such an element that . @ y f t

fu’ u* 0
LC L P |E
I I 0
Let us apply the Newton-Kantorovich method to equation (14), i.e. we construct the Newtonian process
for functional equations.
First, let's look at the case of . 0 < X <(t)
wry 1 . o
Then the |,(t) =2a,(t—t,) % > <a <1uy(x,t)=B(x,t;1,(t))first approximation of Newton's process

is found by the solution of the following matrix equation with respect to corrections

Au(Xx,t) =u, (x,t) —u,(x,t) and: Al =1 (t) =1, (t)
Py (Ug.lg) - AU+ Py (g, ) - Al :L—Pl(uo,lo)j
PZ'U(UO’IO)'AU-FPZII(UO’IO)'AI _PZ(UO’IO)

Here, —Fréchet derivatives [5]. P, (U,,1,) P, (U,,1,) (i=1,2)
IO

-1
u
convergence of the Newtonian process. (P [ IOD

0

(15)

We evaluate the norms , and , which are involved in the inequality that ensures the

{

By virtue of the assumptions about the smoothness , and , after some transformations of the terms of the
left side (12) we obtain@ y f
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u
P 0
IO
where is a positive constant that depends on the data of the problem. M

The solution of the matrix equation (14) is equivalent to a system of linear integral equations of the
second kind. According to the general theory of Voltaire's system of integral equations of the second kind, it
is solvable, i.e. there is an inequality

U -1
(P'( °n <1, . (17)
IO

u
It can be shown that the second derivative of the operator exists and is limited by the norm: P( | j

f

As follows from the estimates (15), (16) and (17), there is such that there is inequality for everyone
Ty et T te(t. T,

<n, =M, -(t-t)" . (16)%£oc<1

<n, . (18)

1
ho=noz-nl-n2<§-

Then, according to the above theorem [5], it follows that equation (14) has a single solution in the sphere,
u u 1+./1-2h u*
—| Cllsr<nn="—""—n,1 |
1)L, hy |
Remark. The solution of problem (5)—(8) in a domain is explicitly written out using the Green's function for
the specified domain, unless the solution of the specified problem in the domain is known.l(t) < X < oo

0<x<I(t)
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