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In the middle of the 19th century the appearance of quaternions stimulated various researches in the 

fields of mathematics and physics. In particular, because of quaternions, one of the important branches of 

mathematics - algebra of vectors was created. It can be clearly noticed that the algebra of vectors arose after 

preliminary conclusions of the theory of quaternions. The scientific works of the English mathematician W. 

Hamilton, who was really the founder of the theory of quaternions, dates back to the 50s of the 19th century, 

and the works of the American physicist and mathematician D. Gibbs to form the main place of vector 

algebra in mathematics dates back to the 80s of the 19th century. 

Quaternion - (from latin quaterni - "of four") term was proposed by the English scientist Hamilton 

(1843) [1]. Below are represented the relationships between calculations on quaternions and operations on 

three-dimensional space vectors. 

Let's recall some concepts known to us from geometry. If we take a right-angled coordinate system 

in space, and define vectors i, j, k, directed along the coordinate axis from the origin of the coordinates, and 

whose length is equal to 1 (picture 1), then any sum of the form bi+cj+dk represents a certain vector. This 

vector is a vector from the beginning of coordinates O to the point M with coordinates b, c, d . 

 
1 . 

Any quaternion of the form q=a+ bi+cj+dk represents vector of the form bi+cj+dk and a a real 

number. We call the number a the numerical (real) part of the quaternion q , and the expression bi+cj+dk is 

its vector part. Now let's look at two quaternions q 1 =a 1 +b 1 i+c 1 j+d 1 k and q 2 =a 2 +b 2 i+c 2 j+d 2 k . 

According to the rule of multiplying quaternions we get the following result [3] by multiplying them: 

q 1 q 2 = -(b 1 b 2 +c 1 c 2 +d 1 d 2 ) +(c 1 d 2 -d 1 c 2 )i+(d 1 b 2 -b 1 d 2 )j +(b 1 c 2 -c 1 b 2 )k    

        (1) 
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We write the numerical part and the vector parts of the quaternion q 1 q 2 separately : 

numerical part of  q 1 q 2 - -(b 1 b 2 +c 1 c 2 +d 1 d 2 ) (2) 

vector part of  q 1 q 2 - (c 1 d 2 -d 1 c 2 )i+(d 1 b 2 -b 1 d 2 )j +(b 1 c 2 -c 1 b 2 )k (3) 

Each of the expressions (2), (3) expresses a certain geometric meaning. We show that the sum of b 1 b 2 +c 1 

c 2 +d 1 d 2 is equal to the expression |q 1 ||q 2 |cos φ which determines multiplication of the modules of  q 1 

and q 2 quaternions and the cosine of the angle between them. Let’s consider the scalar product of q1, q2 

vectors. Note that the scalar product is denoted as (q1, q2), not a vector, but a certain number. Thus, 

according to the definition of the scalar product (q1,q2) =|q1||q2|cosφ.     

Let’s prove the formula (q1,q2) = b1b2+c1c2+d1d2 (4). In picture 2 a triangle constructed on  q 1 and q 2 

of vectors is depicted. The first tip of the triangle lies at the origin of the coordinates and the other two tips 

are on the points M1 and M2 with coordinates  b1, c1, d1  and b2, c2, d2. 

 
Picture 2. 

( M1 and M2 points  are the tips of the q1 and q 2 vectors respectively.) 

The following are known to us: 

OM1
2=b1

2+c1
2+d1

2,  OM2
2=b2

2+c2
2+d2

2,  M1M2
2 = (b1-b2)

2+(c1-c2)
2+(d1-d2)

2, after that  M1M2
2 = 

OM1
2+ OM2

2-(b1b2+c1c2+d1d2).  And from the theorem of cosines: M1M2
2 = OM1

2+ OM2
2-2 OM1˙OM2˙cosφ  

where φ - q1 and q2 the angle between the vectors. 

By equating the above expressions, we get the following expression to be proved:  

OM1˙OM2˙cosφ=b1b2+c1c2+d1d2. 

Thus , the real part of the product of q1 and q2 quaternions is equal to the obtained with the opposite 

sign of scalar multiplication  of q1 and q2. 

If q1 and q2 if the vectors are perpendicular, it is clear that their scalar product is equal to zero ( 

φ=π/2, cos φ=0 ), and therefore the real part of the product q1 q2  is also zero. In this case q1, q2 will consist 

of clean vectors. The converse of this statement is also valid, that is, if q1, q2 is a clean vector, then the scalar 

product of q1 and q2 is equal to 0.  q1 and q2 are perpendicular while q1 q2 =-q1q2 can also be seen from 

formula (1). 

Expressing the geometric meaning of the vector part of the product q1q2 (the expression on the right 

side of equation (3)) is somewhat difficult. This expression is called the vector product of the vectors q1 and 

q2 and is denoted by [q1 ,q2 ].  

[q1,q2] =(c1d2-d1c2)i+(d1b2-b1d2)j +(b1c2-c1b2)k. 

The vector [q1 ,q2 ] is perpendicular to each of the vectors q1 and q2 , and its length is |q1||q2|sinφ or 

the face of the parallelogram S constructed from the vectors q1 and q2. 

To prove the perpendicularity of the vectors  [q1,q2] and q1 , as is well known, it suffices to check that the 

real part of the product of quaternions is equal to zero or that their product is a “clean” vector. But since 

[q1,q2] =q1q2 +(q1,q2)  from (1) and (4), then q1[q1,q2]=q1(q1q2+(q1,q2)) =q1
2q2+ (q1,q2) q1 = -|q1|

2q2 

+(q1,q2)q1. 

On the right side, a vector is formed, consisting of the sum of two more vectors. The perpendicularity 

of the vectors [q1 ,q2 ] and q2 can be shown in the same way. 
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Now let's find the length of the vector [q1 ,q2 ]. 

Its square is equal to (c1d2-d1c2)
2+(d1b2-b1d2)

2+(b1c2-c1b2)
2 or  (b1

2+c1
2+d1

2)(b2
2+c2

2+d2
2)-

(b1b2+c1c2+d1d2)
2 .  The last expression represents |q1|

2|q2|
2

-(q1,q2)
2 ,  or by the definition of scalar product 

|q1|
2|q2|

2
- |q1|

2|q2|
2cos2φ, or |q1|

2|q2|
2sin2φ. Therefore, the square of the length of the vector [q1 ,q2 ]

 is equal 

to   |q1|
2|q2|

2sin2φ, or S2 , which is the statement required to be proved. The indicated properties of the vector 

[q1 ,q2 ] , i.e., the perpendicularity of q1 and q2 and its length equal to S, do not completely define it. [q1,q2], 

q1 and q2 and its length equal to S, do not completely determine it. Such properties are represented by two 

mutually opposite vectors. (picture 3). 

             

 
Picture 3. 

 

Thus, for pure vector quaternions, the formula q1q2 = - (q1, q2 )+ [q1 ,q2 ] is appropriate. Here, (q1, q2 ) 

is the scalar product of q1,q2 and [q1,q2] is the vector product. It can be seen from them that scalar and vector 

multiplications are "pieces" of quaternion multiplication. The operations of vector scalar multiplication and 

vector multiplication belong to the section of vector algebra of mathematics that has interdisciplinary 

applications in physics, mathematics itself, especially in mechanics. 

Quaternion multiplication is a key tool in solving some problems of geometry and mechanics 

because it combines 2 different multiplications of vectors, namely scalar and vector multiplication. 

 

References: 

1. Фурман Я. А. - Комплекснозначные и гиперкомплексные системы в задачах обработки 

многомерных сигналов. Darslik. 2004. М.: Физматлит. 456 bet. 

2. Радыно Н. Я. Гиперкомплексные числа в задачах геометрии и алгебры: пособие для студентов 

фак. прикл. математики и информатики / Н. Я. Радыно. - Минск: БГУ, 2010. - 94 с. 

3. Informatics and information technologies. 9th grade: Teaching-methodical manual for teachers. M. 

R. Fayziyeva, D. M. Sayfurov. - Tashkent: Tasvir, 2020. - 112 p 

4. Abdunazarova, Dilfuza Tukhtasinovna, Maxfuza Madraximova, and Shuhrat Madrahimov. 

"SOLVING EQUATIONS IS FOUNDATIONAL FOR MIDDLE AND HIGH SCHOOL 

MATH." Scientific Bulletin of Namangan State University 3.5 (2021): 7-10. 

5. Хонбобоев, Хакимжон Икромович, and Дилшод Улугбекович Султанов. "РУКОВОДСТВО 

НАУЧНО-ИССЛЕДОВАТЕЛЬСКОЙ ДЕЯТЕЛЬНОСТЬЮ СТУДЕНТОВ ПРИ ОБУЧЕНИИ 

ПРЕДМЕТАМ ИНФОРМАТИКИ И ИНФОРМАЦИОННЫХ ТЕХНОЛОГИЙ." Актуальные 

научные исследования в современном мире 12-1 (2016): 63-65. 

6. Хонбобоев, Хакимжон Октамович, Мубина Хакимжоновна Икромова, and Мухаммад-

Анасхон Хакимжонович Икромов. "Ta’limda axbоrоt texnоlоgiyalarni qollashning oziga xоs 

xususiyatlari." Молодой ученый 3-1 (2016): 21-22. 

7. Shukhratovich, Shirinov Feruzjon. "The Field of Computer Graphics and Its Importance, Role and 

Place in The Information Society." Texas Journal of Multidisciplinary Studies 4 (2022): 86-88. 

8. Marufovich, Aripov Masud, and Shirinov Feruzjon Shuxratovich. "BO ‘LAJAK INFORMATIKA 

FANI O ‘QITUVCHILARINING GRAFIK AXBOROTLAR BILAN ISHLASH 

KOMPETENSIYASINI RIVOJLANTIRISH." TA'LIM VA RIVOJLANISH TAHLILI ONLAYN 

ILMIY JURNALI 2.1 (2022): 183-187. 

9. Хайдарова, Сапияхон. "Создание SQL-запросов в реляционных базах данных." Вестник РГГУ. 

Серия: Информатика. Информационная безопасность. Математика 3 (2020): 8-19. 

https://zienjournals.com/


Texas Journal of Engineering and Technology                                                                                         ISSN NO: 2770-4491 
https://zienjournals.com                                                                                                           Date of Publication:20-12-2022 
_____________________________________________________________________________________________________________________________________ 

________________________________________________________________________________________________________________________________ 
A Bi-Monthly, Peer Reviewed International Journal                                                                                                     [71] 
Volume 15  

10. Siddiqov, I. M. "THE IMPORTANCE OF USING THE ACT IN THE PROCESS OF 

DEVELOPMENT OF PRESCHOOL CHILDREN." Экономика и социум 5-1 (2021): 458-461. 

11. Muydinovich R. I. et al. INFORMATIKA FANI YO ‘NALISHIDA ZAMONAVIY DASTURLASH 

TILLARINI O ‘RGANISHNING AHAMIYATI //INTERNATIONAL SCIENTIFIC RESEARCH 

CONFERENCE. – 2022. – Т. 1. – №. 4. – С. 75-78. 

12. Muyidinovich, Rasulov Inom. "Advantage And Methodological Problems Of Teaching Computer 

Science In Modern Schools." The American Journal of Interdisciplinary Innovations and Research 

2.10 (2020): 13-16. 

13. Marufovich, Aripov Masud. "INFORMATIKA VA AXBOROT TEXNOLOGIYALARI FANIDAN 

ELEKTRON O ‘QUV DARSLIKLAR YARATISHDA AUTOPLAY DASTURIDAN 

FOYDALANISH." BARQARORLIK VA YETAKCHI TADQIQOTLAR ONLAYN ILMIY 

JURNALI 2.3 (2022): 143-147. 

14. Normatov, R. N., M. M. Aripov, and I. M. Siddikov. "Analysis Method of Structural-complex 

System Indicators by Decomposition Into Subsystems." JournalNX 7.04 (2021): 68-71. 

15. O‘Ktam, O., Li Jumanqo‘Ziyev, and Islоmbek To‘Lqinjon O‘G‘Li. "MAKTAB O 

‘QUVCHILARINING AXBOROT MADANIYATINI SHAKLLANTIRISHNING ASOSIY 

QONUNLARI VA TAMOYILLARI." Academic research in educational sciences 2.CSPI conference 

1 (2021): 1073-1077. 

16. Жуманкузиев, Уктамжон, and Уткир Йулдошев. "Подходы обучения языкам 

программирования в общеобразовательных школах." Общество и инновации 2.5/S (2021): 344-

350. 

17. Mamadjanova, S. V. "DESIGN FEATURES OF VIRTUAL LEARNING ENVIRONMENTS." 

European International Journal of Multidisciplinary Research and Management Studies 2.06 (2022): 

1-5. 

18. Xakimova, Yo T., I. I. Djurayev, and S. V. Mamadjonova. "INFORMATICS AND INFORMATION 

IN PRESCHOOL INSTITUTIONS METHODOLOGICAL SYSTEM OF INTRODUCTION OF 

SCIENCE “TECHNOLOGY”." Oriental renaissance: Innovative, educational, natural and social 

sciences 1.3 (2021): 105-110. 

19. Juraev, Muzaffarjon Mansurjonovich. "PROSPECTS FOR THE DEVELOPMENT OF 

PROFESSIONAL TRAINING OF STUDENTS OF PROFESSIONAL EDUCATIONAL 

INSTITUTIONS USING ELECTRONIC EDUCATIONAL RESOURCES IN THE 

ENVIRONMENT OF DIGITAL TRANSFORMATION." Academicia Globe: Inderscience Research 

3.10 (2022): 158-162. 

20. Toshpulatov, Raximjon I. "MODERN METHODS AND TENDENCIES IN TEACHING 

INFORMATION TECHNOLOGY." International Journal of Pedagogics 2.09 (2022): 43-46. 

21. Juraev, M. M. (2022). The value of open mass competitions in the process of digitalization of 

extracurricular activities of schoolchildren. Web of Scientist: International Scientific Research 

Journal, 3(10), 338-344. 

22. Normatov, R. N., M. M. Aripov, and I. M. Siddikov. "Some issues of analysis structural complex 

systems." International Journal on Orange Technologies 3.2 (2021): 59-62. 

23. Siddikov I. M., Sh S. O. ABOUT ONE INNOVATION METHOD OF LOCALIZATION OF 

INDEPENDENT DIGITAL DEVICES //E-Conference Globe. – 2021. – С. 204-205. 

24. Shukurovich, Madrahimov Shuhratjon, and Madrahimova Mahfuza Ahmedovna. "Measures For 

Monitoring And Evaluation Of Power Activity In Higher Education." JournalNX: 423-426. 

25. Madrakhimov, Shukhrat Shukurovich, and Mahfuza Akhmedovna Madrakhimova. "A HERO WHO 

SAW THE WAR!." 75-летию Победы Великого народа посвящается: Люди. События. 

Факты. 2020. 

 

 

 

 

https://zienjournals.com/

