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Abstract: Mixed convection in a trapezoidal lid driven cavity containing a heat source circular cylinder 

using two fluids separately: H2O base fluid and H2O-Al2O3 nanofluids has been investigated numerically 

using Ansys commercial program (ANSYS Fluent 2021 R2). The small horizontal wall is moved at 

constant velocity, while the other parallel large wall is stationary. Both walls are cold while the other 

inclined walls of cavity are insulated adiabatically. Validation the present work is achieved and a 

comparison with the beforehand published work is performed and found to be in excellent agreement with 

average difference about 1.52 %. The results cover three values of Richardson number (Ri=0.01, 1, and 10), 

two values of radius ratio (RR=0.2 and 0.25), four positions of the inner cylinder (middle, right, top, 

bottom), and four angles of inclination (𝜑 = 0𝑜, 45𝑜, 90𝑜, and 180𝑜). It is noticed that, for the angles (𝜑 =
0𝑜, 45𝑜, and 90𝑜); the bottom position (0, −0.15) is the best position giving the highest value of average 

Nusselt number. While, the higher heat transfer rate is produced for (𝜑 = 180𝑜) at top position (0, 0.15). 
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1. Introduction 

       Mixed convection heat transfer occurs also in enclosures with moving upper wall, lower wall, or both 

walls. Lid-driven enclosures with different geometries, boundary conditions, and enhancement techniques 

has received great attention by authors because of its importance in the industrial applications. Examples of 

applications can be found in nuclear reactors, cooling of electronic equipment’s, solar energy, and 

technology of lubrication [1]. Different heat transfer enhancement techniques were used to investigate the 

problem of mixed convection in lid-driven cavities. Increasing the thermal conductivity of the base fluid by 

using nanofluids [1-15], and porous medium [16-21] is one of the effective of these techniques. Other 

methods include applying the magnetic field or vibration on the cavity in one direction or more with or 

without nanofluids [22-32]. 

      The present work is a numerical study for the mixed convection heat transfer in a lid-driven inclined 

trapezoidal cavity filled with a H2O-Al2O3 nanofluid using Ansys commercial program (ANSYS Fluent 

2021 R2). The heat source consists of a circular cylinder heated isothermally at Th. The moving upper wall 

and the stationary bottom wall are cooled isothermally at Tc. The inclined walls of cavity are adiabatically 

insulated. The top wall moves at constant velocity, while the other walls are stationary. The Richardson 

numbers considered in this study are 0.01, 1, and 10. Four positions of inner cylinder inside cavity have been 

taken in consideration (top, bottom, middle, middle right side). Two values of radius ratio (RR=0.2 and 

0.25), four nanoparticles volume fractions (𝜙 = 0, 0.04, 0.06, 𝑎𝑛𝑑 0.08) and four angles of cavity 

inclination (0𝑜, 45𝑜, 90𝑜, and 180𝑜) have been choice in the present work. 

 

2. Mathematical Model 

2.1. Physical Domain and assumptions 

     Two-dimensional, steady, and laminar mixed convection heat transfer inside trapezoidal cavity is studied 

numerically.  The working fluid is assumed to be incompressible and Newtonian. The Boussinesq’s 

approximation is chosen to describe the variation of temperature as a function of density and to couple in 

this way the temperature field to the flow field. The dissipation effect due to the viscous term is neglected. 

No heat generation is considered. 
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     The physical domain of a trapezoidal lid-driven, for cases taken in the present study, is schematically 

shown in Fig. 3.1. The cavity consists of two parallel cold walls with constant temperature 𝑇𝑐. The top short 

wall is moving at constant velocity in the positive x-direction. While, the inclined walls are insulated 

adiabatically. The inner cylinder is heated isothermally at 𝑇ℎ. Two values of radius of inner cylinder 𝑟𝑜 are 

taken in this study to give two radius ratios. The cavity is inclined at an angle 𝜑 with the horizontal 

reference x-axis and thus arising opposing flow condition where the shear flow caused by the moving top 

wall opposes the buoyancy driven flow caused by the thermal non-homogeneity of the cavity boundaries. 

 

 
Figure 1: Physical model. 

 

   2.2. Governing Equations and Boundary Conditions 

The conservation of mass, momentum and energy equations in the dimensionless form as follows [33]: 
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The dimensionless variables. can be written as follows: 
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     The boundary conditions in dimensionless form are presented in Table 1. The symbol ′𝑛′ represents the 

normal direction on the inclined walls. 

 

Table 1 boundary conditions 

 𝑈 𝑉 Θ 

Top wall A=1 0 0 

Bottom wall 0 0 0 

Left and right 

walls: 

0 0 𝜕𝜃

𝜕𝑛
= 0 

Inner cylinder wall 0 0 1 
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2.3. Thermophysical Properties of the Working Fluids 

The general equations for effective thermophysical properties fluently were developed and implemented as 

follows [6]. 

𝜌𝑒𝑓𝑓 = (1 − 𝜙𝑝)𝜌𝑓 + 𝜙𝑝𝜌𝑠 ,                                                                                           (7)       

𝜇𝑒𝑓𝑓 = (1.125 − 0.0007 × 𝑇)𝜇𝑓 ,                                                                                  (8)  

𝜙𝑝 = 1%    20 ≤ 𝑇[℃] ≤ 70, 

𝜇𝑒𝑓𝑓 = (2.1275 − 0.0215 × 𝑇 + 0.0002 × 𝑇2)𝜇𝑓 ,                                                  (9)  

𝜙𝑝 = 4%    20 ≤ 𝑇[℃] ≤ 70, 

𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.0 + 1.0112𝜙𝑝 + 2.437𝜙𝑝 (

47

𝑑𝑝(𝑛𝑚)
) − 0.0248𝜙𝑝 (

𝑘𝑝

0.613
),              (10) 

𝛽𝑒𝑓𝑓 = (−0.479𝜙𝑝 + 9.3158 × 10−3𝑇 −
4.7211

𝑇2
) × 10−3                                  (11) 

0 ≤ 𝜙𝑝 ≤ 0.04    10 ≤ 𝑇[℃] ≤ 40,                                                         

𝑐𝑒𝑓𝑓 =
(1 − 𝜙𝑝)𝜌𝑓𝑐𝑓 + 𝜙𝑝𝜌𝑠𝑝𝑐𝑝

𝜌𝑒𝑓𝑓
 ,                                                                              (12)   

Table 1 Thermophysical properties of the water, Al2O3 nanoparticles and H2O-Al2O3 nanofluid [13]. 

Material 𝐶𝑝 (𝐽 𝑘𝑔. 𝐾⁄ ) 𝜌 (𝑘𝑔 𝑚3⁄ ) 𝑘 (𝑊 𝑚. 𝐾⁄ ) 𝛽 (1 𝐾⁄ ) 𝜇(𝑃𝑎. 𝑠) 

𝐻2𝑂 4179 997.1 0.613 21× 10−5 0.001003 

𝐴𝑙2𝑂2 765 3970 40 0.85× 10−5 - 

H2O-Al2O3 

(Φ = 8 %) 

3547.8 1135.68 0.9552 - 0.0012036 

H2O-Al2O3 

(Φ = 6 %) 

3691.5 1101.26 0.8664 - 0.00115345 

H2O-Al2O3 

(Φ = 2 %) 

4007.6 1032.42 0.6888 - 0.00105315 

 

2.2 Boundary conditions 

The boundary conditions in dimensionless form are presented in Table 2. The symbol 'n' represents the 

normal direction on the inclined walls. 

Table 2 Boundary conditions. 

 𝑼 𝑽 𝚯 

Top wall A=1 0 0 

Bottom wall 0 0 0 

Left and right 

walls: 

0 0 𝜕𝜃

𝜕𝑛
= 0 

Inner cylinder 

wall 

0 0 1 

 

2.3. Thermophysical Properties of Nanofluid 

       The general equations for effective thermophysical properties fluently were developed and implemented 

as follows [34]. 

𝜌𝑒𝑓𝑓 = (1 − 𝜙𝑝)𝜌𝑓 + 𝜙𝑝𝜌𝑠 ,                                                                                                      (7)       

𝜇𝑒𝑓𝑓 = (1.125 − 0.0007 × 𝑇)𝜇𝑓 ,                                                                                             (8)  

𝜙𝑝 = 1%    20 ≤ 𝑇[℃] ≤ 70, 

𝜇𝑒𝑓𝑓 = (2.1275 − 0.0215 × 𝑇 + 0.0002 × 𝑇2)𝜇𝑓 ,                                                             (9)  

𝜙𝑝 = 4%    20 ≤ 𝑇[℃] ≤ 70, 

𝑘𝑒𝑓𝑓

𝑘𝑓
= 1.0 + 1.0112𝜙𝑝 + 2.437𝜙𝑝 (

47

𝑑𝑝(𝑛𝑚)
) − 0.0248𝜙𝑝 (

𝑘𝑝

0.613
)                                 (10) 
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𝛽𝑒𝑓𝑓 = (−0.479𝜙𝑝 + 9.3158 × 10−3𝑇 −
4.7211

𝑇2
) × 10−3                                                     (11) 

0 ≤ 𝜙𝑝 ≤ 0.04    10 ≤ 𝑇[℃] ≤ 40,                                                         

𝑐𝑒𝑓𝑓 =
(1 − 𝜙𝑝)𝜌𝑓𝑐𝑓 + 𝜙𝑝𝜌𝑠𝑝𝑐𝑝

𝜌𝑒𝑓𝑓
 ,                                                                                                (12)   

The thermophysical properties of the base fluid, nanoparticle, and nanofluid are presented in Table 3. The 

nanofluids being used correspond to a mixture of water (base fluid) with aluminum oxide. The required 

properties of this problem include density, heat capacity, effective thermal conductivity, effective dynamic 

viscosity and thermal expansion. 

Table 3 Thermophysical properties of the water, Al2O3 nanoparticles and H2O-Al2O3 nanofluid [34].. 

Material 𝐶𝑝 (𝐽 𝑘𝑔. 𝐾⁄ ) 𝜌 (𝑘𝑔 𝑚3⁄ ) 𝑘 (𝑊 𝑚. 𝐾⁄ ) 𝛽 (1 𝐾⁄ ) 𝜇(𝑃𝑎. 𝑠) 

𝐻2𝑂 4179 997.1 0.613 21× 10−5 0.001003 

𝐴𝑙2𝑂2 765 3970 40 0.85×
10−5 

- 

H2O-Al2O3 

(Φ = 8 %) 

3547.8 1135.68 0.9552  0.0012036 

H2O-Al2O3 

(Φ = 6 %) 

3691.5 1101.26 0.8664  0.0011534

5 

H2O-Al2O3 

(Φ = 2 %) 

4007.6 1032.42 0.6888  0.0010531

5 

 

2.4. Geometry and Mesh Generation 

       The mesh computational generation is a suitable for solving the two-dimensional conservation of 

complicated geometries for energy equation, continuity equation, and momentum equation. The volume 

meshing mainly has two approaching types, the structured meshing and unstructured meshing. The 

governing equations in the structured mesh are transformed in the curvilinear coordinate system aligned with 

the surface. But for the complex geometries, the mesh generation is required for time consuming and mostly 

requires modifications on model’s geometry. So, it is good choice for simple shapes. However, it becomes 

too inefficient and requires a long time for complex geometries. Therefore, it has been excluded in this 

research. Unstructured grids are in general more suitable for complex geometries, so it is used in the present 

work. In present study, the discretization grid is triangular, unstructured and non-uniform as shown in 

Figure 2.  

2.5. Grid Independence Test 

       A grid independence test was carried out to obtain the most suitable mesh face number and size for this 

particular geometry. In this study, five element sizes are considered,1, 0.8, 0.6, 0.4, 0.2 at RR=0.2 and 𝑅𝑒 =
100.  Given that the discretization grid is triangular, unstructured and non-uniform. Figure 3 shows the 

variation Nusselt number for different element sizes. It is seen that; the element size of 0.2 gives almost 

identical results for the Nusselt number. Ultimately, a mesh number of 56400 was used in this study as this 

represented the best compromise in terms of both accuracy and computational time. 

 
Figure 2: Mesh generation. 
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Figure 3: Convergence of the average Nusselt number with Element size. 

 

2.4 Numerical Solution 

The solution methods can specify various parameters associated with the solution method to be used in the 

calculation. The governing equations subject to considered boundary conditions are solved by using Ansys 

commercial program (ANSYS Fluent 2021 R2). Firstly, grid is generated, and ANSYS Fluent uses the 

solution algorithm to solve the governing equations sequentially by using (SIMPLE) scheme. In addition, 

spatial discretization of pressure, momentum, turbulent kinetic energy, and the turbulent dissipation rate 

were second order upwind. SIMPLE is an acronym for Semi-Implicit Method for Pressure-Linked 

Equations. It is a numerical procedure that generally sees use in solving the Navier-Stokes equations. The 

local Nusselt number based on the length of the top wall of trapezoidal cavity is written as: 

𝑁𝑢𝐿 =
𝑘𝑒𝑓𝑓

𝑘𝑓

𝜕𝜃

𝜕𝑌
|

𝑌=1
                                          (14) 

The average Nusselt number of the hot cylinder lid-driven wall is given as follows: 

        

𝑁𝑢𝑚 = ∫ 𝑁𝑢𝐿(𝑋)

1

0

𝑑𝑋                                         (15) 

3. Validation 

       The present simulation method has been validated with streamlines and isotherms results of Khanafer et 

al. [35] works. The comparison includes the values of average Nusselt numbers for both studies as shown in 

Table (3). This work analyzed the mixed convection air flow inside square cavity heated from the bottom 

wall and having inner circular cylinder with radius ratio (radius of cylinder to length of one wall) of 0.2. The 

working fluid was the air (Pr=0.7). Four values of Richardson number (0.01, 1, 5, and 10) were choice for 

validation. The validation results the values of average Nusselt number for both simulations are close to 

each other with average difference 1.5%. 

Table 3 Nusselt number values for validation the present work with Khanafer et al. work’s [35] 

𝑅𝑖 𝑁𝑢𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠[35] 𝑁𝑢𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 

0.01 2.93 2.98 1.7% 

1 3.5 3.6 2.8% 

5 4.7 4.77 1.4% 

10 5.06 5.09 0.19% 

 

4. Results And Discussion 

4.1 Streamlines and isotherms 

      The effect of Richardson number on streamlines and isotherms inside lid-driven cavity with 

nanoparticles volume fraction (𝜙 = 0.08) and four angles of inclination (𝜑 = 0𝑜, 45𝑜, 90𝑜, and 180𝑜) is 

shown in Figure 4; respectively. Generally, the behavior of streamlines and isotherms depends strongly on 
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Richardson numbers, volume fractions, and angles of inclination. The value of the Richardson number, 

Ri=Gr/Re2 indicates the importance of buoyancy driven free convection (secondary flow) relative to the lid 

driven forced convection (primary flow).  

        It is clear from Figure that, for 𝜑 = 0𝑜 (top moving wall) and Ri=0.01 that there is main vortex having 

center located in the top right side of cavity. This vortex rotates clockwise in the same of motion direction. It 

extends towards the right bottom side and seems to be stronger as Richrdson number increases to 1 and 10 

because increasing the effects of secondary flow due to high natural convection. Generally, the moving wall 

helps to motion the fluid in the same direction, then the fluid collides with the nearest wall to change its 

motion towards the opposite direction, causing a rotational motion (vortex). 

         For Ri=0.01 (the Buoyancy effects are small), the high gross flow generated by the movement of the 

top wall causes the main circulation fills the entire cavity. It is evident that the shear influences due to 

moving the top wall is prevalent for all angles of inclination. So, the isotherms indicated that the 

hydrodynamic and thermal boundary layers are not developed. The isothermal lines are mostly undistorted 

and parallel to the thermal plum. In the large recirculation zone temperature gradients are very weak because 

of the well mixed of liquid resulted from the strong action of the mechanically driven circulations. As a 

result, the temperature differences in the enclosure region are very small. With increase in Richardson 

number, the temperatures increase and the isotherms far away from hot cylinder towards the cold walls. The 

thermal plum is getting stronger with increase in Richardson number. Its direction depends strongly on the 

angle of inclination, type of fluid (with and without adding of nanoparticles), and Richardson number. 

Increasing Richardson number to one means the process is mixed convection and the inertia force and the 

buoyancy force are equivalent. There are two flows in this case: aiding flow and opposing flow. Where the 

direction of primary flow is the same as the direction of buoyancy force (towards down), the flow is called 

aiding. While, when the inertia force direction (primary flow) is upwards (i.e., opposite the buoyancy force), 

the process is called opposing. In the present study, the flow is aiding.  

       The figure 4 shows that for 𝜑 = 45𝑜 (inclined moving wall), the main vortex extends above the cylinder 

in parallel with the moving wall for Ri=1. This means the maximum stream function is weaker than that in 

the case of dominant forced convection Ri=0.01. The strength of vortex increases as the primary flow 

increases (i.e., increasing the speed of moving wall and decreasing Richardson number to 0.01) with and 

without adding nanoparticles into the base fluid.  The vortex cleavages into two strong parts in the case of 

dominant natural convection (Ri=10) due to high natural convection currents.  

       For 𝜑 = 90𝑜 (vertical moving wall), the behavior of streamlines is nearly similar to that case of 𝜑 =
45𝑜. The main vortex cleavages into two weak parts for (Ri=1 with aiding flow. While, the vortex stays 

strong for Ri=10, because the dominant of natural convection in the heat transfer process. For Ri=0.01, the 

vortex seems to be stronger than that for Ri=1 and weaker than that for Ri=10. Adding the nanoparticles into 

the base fluid with high nanoparticles volume fraction for (Ri=10) produces two major vortices and two 

minor weak vortices. 

        It is clear that the streamlines inside lid driven cavity with bottom cylinder position for radius ratio 

=0.25, 𝜑 = 180𝑜 (bottom moving wall). It is seen that the main vortex lies below the hot cylinder and upper 

the moving wall at Ri=0.01because of higher shearing action at this region due to dominant forced 

convection. This vortex extends and becomes stronger with adding nanoparticles 𝜙 = 0.08 because the 

strong effect of primary flow resulted from moving the bottom small wall. The main vortex is divided into 

three vortices with different strengths if Richrdson increases into one (mixed convection).  The maximum 

stream function occurs at bottom of cavity above the moving wall. Decreasing the primary flow at the 

expense of the secondary flow in closed cavities gives opposite behavior to the case of open conduit. It is 

noticed that there are two main strong vortices on either side of lid-driven cavity. It is expected this gives 

higher heat transfer rate than other values of Richardson number.  

        When Ri=10, natural convection is stronger than forced convection. The Buoyancy assists the primary 

flow and thus the convection currents become stronger with increasing Richardson number. As a result, the 

isothermal lines become more intense near the cold lid. Developing of the hydrodynamic and thermal 

boundary layers along the cold wall and hot wall will be happened. Additionally, the maximum temperature 

reduces leading to obtain higher heat transfer rate. It is evident that, the isotherms produced higher 

temperature gradients in the region adjacent to the hot cylinder walls. The isotherms are rotated about the 
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hot circular cylinder with circular lines topped by thermal plum in a small region near the hot wall. Whereas, 

these lines far away from the hot cylinder wall towards the cold walls because the dominant forced 

convection. Formation two plums for high Richardson number indicates higher heat transfer rate occurs 

inside lid-driven cavity with 𝜑 = 180𝑜 (bottom moving wall). Generally, it is expected that increasing the 

nanoparticles volume fraction more than (0.1) may reduce the thermal diffusivity of liquid and produces 

negative effects on the fluid flow and heat transfer inside cavity. These effects are more pronounced for 

𝑅𝑖 ≥ 1. 
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Figure 4 Streamlines and isotherms inside lid driven cavity with bottom cylinder 

position for radius ratio =0.25, 𝜙 = 0.08. 
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4.2 Nusselt number     

        The mean Nusselt number versus nanoparticles volume fraction at different values of Richardson 

numbers and for angle of cavity inclination (𝜑 = 00, 450, 900, 𝑎𝑛𝑑 1800) are shown in Figure 5; 

respectively. It is observed that the average Nusselt number for all ranges of volume fraction increases with 

an increase in the Richardson number. The average Nusselt numbers for 𝜑 = 1800 (bottom lid-driven) are 

higher than that for other inclination angles at Ri=10 (dominant natural convection) and nanoparticles 

volume fraction 𝜙=0, 0.02, and 0.06.  This behavior is reverse at 𝜙=0.08 in which the angle of inclination 

𝜑 = 00 (top lid-driven) produces the highest value of average Nusselt number than other angles of 

inclination. As a result, the energy exchange rates in the fluid will be boosted leads to consequently 

enhancing the thermal dispersion of the flow. For Ri=0.01 (dominant forced convection) and 𝜑 = 45𝑜 

(inclined lid-driven), the mean Nusselt number decreases with increase in 𝜙 from 0.06 to 0.08. The 

combined effect of inclined direction of moving wall and the high fraction of nanoparticles cause decrease in 

heat transfer rate. The same behavior is noticed for Ri=10 (dominant natural convection) and 𝜑 = 180𝑜 

(bottom lid-driven). 

 
a.  φ=0o                                                                                                                b.  φ=45o 

 
                                  c. 𝜑=90o                                                                                                                 d.  φ=180o 

Figure 5 Average Nusselt number around inner cylinder for Al2O3-H2 O nanofluid with different volume 

factions of nanoparticles and angles of inclination 

 

5. Conclusions  

1. The heat transfer rate increases as Richardson number increases because increasing the free convection 

currents (secondary flow).  

2. Generally, it is obvious that the heat transfer process enhances with increasing of nanoparticles volume 

fraction. 

3. The extension in streamlines for Ri=1 and 10 is more pronounced than that for Ri=0.01, especially at 𝜑 =
0𝑜and 180𝑜. 

4. The maximum values of maximum stream function occur for Ri=10 (i.e., dominating natural convection) 

for all angles of inclinations and volume fractions of nanoparticles. 

5. Decreasing the primary flow at the expense of the secondary flow in closed cavities gives opposite 

behavior to the case of open conduit. 
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6. It is noticed that the thermal plum moves towards clockwise on the hot cylinder as Richardson number 

increases from 0.01 to 1. 

7. Generally, the angle of inclination 𝜑 = 180𝑜 (bottom moving wall) produces the lowest local Nusselt 

numbers than other angles for Ri=0.01 and 1. 

8. The average Nusselt numbers for 𝜑 = 1800 (bottom lid-driven) are higher than that for other inclination 

angles at Ri=10 and nanoparticles volume fraction 𝜙=0, 0.02, and 0.06.  This behavior is reverse at 𝜙=0.08 

in which the angle of inclination 𝜑 = 00 (top lid-driven) produces the highest value of average Nusselt 

number than other angles of inclination.  

Abbreviations 

Al2O3 = aluminium oxide                                   

CuO =copper oxide 

CFD =Computational Fluid Dynamics             

Gr =Grashof number (gβmΔTW3 /νm 2) 

Da =Darcy number                                                                                                                                                               

h = convective heat transfer coefficient (W/m2K) 

Nu = Nusselt number                                           

Pr = Prandtl number (νm/αm) 

Ra = Rayleigh number (Gr * Pr)                             

 Re = Reynolds number (Uo*W/ν) 

Ri =Richardson number (Gr/Re2)                               

RR =A aspect ratio                                         

r0 = radius of inner cylinder                   

U =dimensionless velocity component at x-direction  

u =velocity component at x-direction (m/s)               

 U0 = lid velocity (m/s) 

Greek symbols: 

α =thermal diffusivity of the fluid (m2 /s) 

α =under-relaxation factor 

β = volumetric coefficient of thermal expansion (1/K) 

μ =dynamic viscosity of the fluid (Pa/s)  

ν = kinematic viscosity of the fluid (m2 /s) 

φ =volume fraction of nanoparticles  

 φ =inclined at an angle  

ψ max =Maximum stream function                  𝛾 = azimuth angle 

Subscripts: 

Tc =constant temperature                                Th =hot temperature 

nf =Nano fluid                                                  np =nanoparticles 
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